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$k_{1}\Delta u+V_{u}(u,v)=0$ , in $\Omega$ , (0.1)
$k_{2}\Delta v+V_{v}(u,v)=0$ , in $\Omega$ , (0.2)
$\frac{\partial u}{\partial n}=\frac{\partial v}{\partial n}=0$ , on $\partial\Omega$ , (0.3)
$u(x)>0$ , $v(x)>0$ , in $\Omega$ , (0.4)
, $k_{1},$ $k_{2}>0,$ $V(u, v)\in C^{2}(\mathrm{R}^{2}, \mathrm{R})$ , $\Omega$ RN , $\partial\Omega$ .
[ $\mathrm{C}\mathrm{d}\mathrm{F}\mathrm{M}$ , CM, $\mathrm{d}\mathrm{F}\mathrm{F}$ ,
$\mathrm{d}\mathrm{F}\mathrm{M},$ $\mathrm{H}_{\mathrm{V}\mathrm{V}]}$ , ,
. Lotka-Volterra competition model hint
.
$V(u, v)$ .
$(\mathrm{V}\mathrm{O})V\in C^{2}(\mathrm{R}^{2}, \mathrm{R})$ $V(u,v)$ $u,$ $v$ ,
$V(u, v)=V(-u, v)=V(u, -v)$ $\forall(u, v)\in \mathrm{R}^{2}$ .
(V1) $a,$ $b,$ $u_{0},$ $v\mathit{0}>0$ $V(u,v)$ $[0, \infty)\cross[0, \infty)$ critical point
$(0,0),$ $(a, 0),$ $(0, b),$ $(u_{0}, v_{0})$
, .
1 $\mathrm{O}0=V(0,0)<V(u_{0}, vo)<\min\{V(a, 0), V(\mathrm{O}, b)\}$ .
$2^{\mathrm{O}}(0,0)$ $V(u, v)$ .
$3^{\mathrm{O}}(a, 0),$ $(0, b)$ $V(u, v)$ .
$4^{\mathrm{O}}(u_{0},$ $v_{\mathit{0}^{)}}$ $V(u,v)$ .
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(V2) $R\mathit{0}>0$
1o $V_{u}(u,v)<0$ $\forall(u,v)\in[R_{0}, \infty)\cross[0, \infty)$ .
$2^{\mathrm{O}}V_{v}(u,v)<0$ $\forall(u,v\cdot)\in[0, \infty)\cross[R_{0}, \infty)$ .
(V3)
$1^{\mathrm{O}} \frac{\partial}{\partial u}(\frac{V_{u}(u,0)}{u})<0$ $\forall u\in[0, R_{0}]$ .
$2^{\mathrm{O}} \frac{\partial}{\partial v}(\frac{V_{v}(0,v)}{v})<0$ $\forall v\in[0, R\mathrm{o}]$ .
(V4) $V_{uv}(u,v)<0$ for all $(u,v)\in[0, R\mathrm{o}]\mathrm{x}[0, R_{0}]$ .
$(V1)$ $(0.1)-(0.3)$ $(u,v)=(0,0),$ $(a, 0),$ $(0, b),$ ( $u_{0},$ $v\mathit{0}^{)}$ ,
.
$u_{t}=V_{u}(u,v),$ $v_{t}=V_{v}(u,v)$ , $(a,.0),$ $(0, b)$
, $(0,0),$ ( $u_{0},v_{\mathit{0}^{)}}$ .
. $0=\lambda_{1}<\lambda_{2}\leq\lambda_{3}\leq\cdots$ $-\Delta$
Neumann .




$\det(\lambda_{j}-)\neq 0$ $\forall j=1,2,$ $\cdots$ . (M.2)
. $(0.1)-(\mathrm{o}.4)$ 2 .
$N$ 1 , .
0.2 $([\mathrm{T}2])$ . $N=1$ , $(\mathrm{V}\mathrm{O})-(\mathrm{V}3)$ .
$m \equiv\max\{\ell\in \mathrm{N};\det(\lambda_{l}-)<0\}$ (M.3)
, $m\geq 2$ . $(0.1)-(0.4)$ $2(m-1)$
.
0.3. (M.1), (M.3) $(u_{0}, v0)$ –
$(u_{0}, vo)$ Morse index – , $(k_{1}, k_{2})$ .
11 .
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, $(\mathrm{V}\mathrm{O}),$ $(\mathrm{V}2)-(\mathrm{V}4)$ .
, $u,$ $v<0$ $V(u,v)$ .
$(\mathrm{V}\mathrm{O})$ $V$ $\{u=0\}\cup\{v=0\}$ .
$V_{u}(\mathrm{o},v)=V_{v}(u, 0)=0$ $\forall u,v$
.
$W(x, y)=V(\sqrt{x}, \sqrt{y})$ $(x, y)\in[0, \infty)\cross[0, \infty)$ (0.5)
$W(x, y)\in C^{1}([0, \infty)\cross[\mathrm{o}, \infty),$ $\mathrm{R})\mathrm{n}C^{2}((0, \infty)\cross(0, \infty),$ $\mathrm{R})$ ,
$k_{1}\triangle u+2W_{x}(u^{2}, v^{2})u=0$ , in $\Omega$ ,
$k_{2}\Delta v+2W_{y}(u^{2}, v^{2})v=0$ , in $\Omega$ ,
$\partial u$ $\partial v$
$\overline{\partial n}$
$\partial n$
$=-=0$ , on $\partial\Omega$ .
, .
$k_{1}\triangle u+f(u, v)u=0$ , in $\Omega$ ,
$k_{2}\Delta v+g(u,v)v=0$ , in $\Omega$ ,
. (V4) $f_{2},$ $<0,$ $g_{u}<0$ , $(0.1)-$
$(0.4)$ competition model . (V2), (V3) apriori
.
competition model Lotka-Volterra model $(f(u,v)=$
$a_{1}-b_{1}u-\mathrm{c}_{1}v,$ $g(u,v)=a2-b_{2}u-c_{2}v,$ $\frac{a}{b}\perp 1>\frac{a}{b}22’\frac{a}{\mathrm{c}}\perp 1>\mathrm{r}_{)}^{a}c_{2}$
, variational structure , 0.1
. $k_{1},$ $k_{2}$ – $(-\text{ })$
. $N=1$ [N] . $(\mathrm{V}0)-(\mathrm{V}.4)$ $V(u, v)$
Section 4 .
$-\triangle u=g(u)$ , in $\Omega$ , (0.6)
$u=0$ , on $\partial\Omega$ , (0.7)
, . 0.1
Hofer [HI-H3] . Hofer





$4^{\mathrm{O}}g’(0)\in(\mu_{i}, \mu_{i}+1)$ for $\exists i\geq 2$ .
, $(0.6)-(0.71$ ( , , ) .
$0<\mu_{1}<\mu_{2}\underline{<}\cdots$ \Delta Dirichlet . Hofer
, Mountain Pass Theorem 3 ,
mountain pass critical point , 4 $0$
.
Hofer 0.1 , Sturum-Liouville
( $[\mathrm{B}$ , Tl] ) 0.2 .
. , $(k_{1}, k_{2})arrow(0,0)$
$\infty$ Symmetric Mountain Pass Theorem $(\mathrm{c}.\mathrm{f}. [\mathrm{R}])$
.
1. Variational formulation
$V(u, v)$ $(\mathrm{V}\mathrm{O})-(\mathrm{V}3)$ ( $(\mathrm{V}\mathrm{o})-(\mathrm{v}4)$ ) . $(\mathrm{V}0)-(\mathrm{V}3)$ a
priori $||u||_{L(}\infty\Omega$ )’ $||v||_{L(}\infty\Omega$ ) $\leq R\mathit{0}$ . $V(u, v)$ $u^{2}+v^{2}\leq R_{0}^{2}$
$u^{2}+v^{2}\geq R_{0}^{2}$ $(\mathrm{V}0)-(\mathrm{V}3)$ $(\mathrm{V}0)-(\mathrm{V}4)$
(V5) $\exists C_{0}>0:V(u,v)=-\frac{1}{2}(u^{2}+v^{2})+C_{0}\forall u^{2}+v^{2}\geq 4R_{0}^{2}$ .
. apriori ,
. $(\mathrm{V}0)-(\mathrm{V}3)$ (V5) .
Hilbert $E=H^{1}(\Omega)\mathrm{x}H^{1}(\Omega)$ functional .
$I(u,v)= \int_{\Omega}[\frac{k_{1}}{2}|\nabla u|^{2}+\frac{k_{2}}{2}|\nabla v|^{2}-V(u, v)]dx$.
(V5) , well-defined $I(u, v)\in C^{2}(E, \mathrm{R})$ .
11. $(u, v)\in E$ Morse index .
index $I”(u,v)= \max\{\dim H;H\subset E$ is asubspace such that
$\langle I’’(u,v)(\phi,\psi), (\phi,\psi)\rangle<0$ for all $(\phi,\psi)\in H\backslash \{(0,0)\}\}$ ,
$(u, v)=(u_{0}, v0)$ , $-\Delta$
index $I”(u0,v \mathrm{o})=\max\{l\in \mathrm{N};\det(\lambda_{\ell}-)<0\}$ .
. (M.3) $m=$ index $I”(u_{0}, vo)$ , (M.1)
index $I”(u\mathit{0}, v0)\geq 2$ , (M.2) $I”(u_{0}, v\mathit{0})$ .
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$I\langle u,v$ ) critical point $(0.1)-(\mathrm{o}.3)$ , (0.4)
. functional .
$J(u,v)= \int_{\Omega}[\frac{k_{1}}{2}|\nabla u|^{2}+\frac{k_{2}}{2}|\nabla v|^{2}-V(u,v)+\frac{A}{2}(u^{2}-u^{2}++v^{2}-v^{2})+]dx$
$\in c^{1}(E, \mathrm{R})$ .
, $u+= \max\{u, 0\}$ . $W(x, y)$ (0.5)
.
$A=1+2 \max_{x,y\geq 0^{\{|(_{X},y)|}’}Wx|W_{y}(x, y)|\}<\infty$
.
$(u, v)\in E$ $J’(u, v)=0$ .
$-k_{1}\Delta u+(A-2W_{x}(u^{2},v2))u=Au_{+}$ , in $\Omega$ ,
$-k_{2}\triangle v+(A-2W_{y}(u^{2},v2))v=Av_{+}$ , in $\Omega$ ,
$\frac{\partial u}{\partial n}=\frac{\partial v}{\partial n}=0$ , on $\partial\Omega$ .
$A-2Wx(u2,v^{2})\geq 1,$ $A-2W(yu2, v^{2})\geq 1$ in $\Omega$
, $u(x)\geq 0,$ $v(x)\geq 0$ $\overline{\Omega}$
. $J(u, v)$ critical point $(0.1)-(0.3)$ .
.
11. $(u,v)\in E$ $(0.1)-(0.3)$ . $(u,v)\neq(0,0),$ $(a, 0),$ $(0, b)$
. 1
(V3) .
0.1 (i) . (V1) $(a, 0),$ $(0, b)$ $I(u,v)$ local minimum
$I(u, v)$ minimax .
$\Gamma=\{\gamma(s)\in C([0,1], E);\gamma(0)=(a, 0), \gamma(1)=(0, b)\}$ ,
$\beta=$ inf $\max I(\gamma(s))$ .
$\gamma\in\Gamma_{S}\in[0,1]$
critical point $(u_{*},v_{*})\in E$ .
(i) $\max\{I(a, \mathrm{o}), I(\mathrm{o}, b)\}<\beta=I(u*’ v*)\leq I(u\mathit{0}, vo)<I(\mathrm{O}, \mathrm{o})=0$ ,
(ii) index $I”(u_{*}, v_{*})\leq 1$ ,
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(iii) $u_{*}(x)\geq 0,$ $v_{*}(x)\geq 0$ in $\overline{\Omega}$ .
(iii)
$P=$ { $(u,v)\in E;u\geq 0,$ $v\geq 0$ in $\overline{\Omega}$},
$\mathrm{r}_{+}=\{\gamma\in\Gamma;\gamma(s)\in P \forall s\in[0,1]\}$.
$\beta=\inf_{\gamma}\in \mathrm{r}+\max_{S}\in[0,1](I\gamma(s))$ . (M.1)
index $I”(u\mathit{0}, vo)\geq 2$ (i) $(u_{*}, v_{*})\not\in\{(0,0), (a, 0), (0, b), (u_{0}, vo)\}$
11 $(u_{*}, v_{*})$ $(0.1)-(\mathrm{o}.4)$ . 1
2. 0.1 (ii)
0.1 (ii) . $J(u, v)$ critical point
$(0,0)$ , $(a, 0),$ $(0, b),$ $(u_{0}, v\mathit{0}),$ $(u_{*},v_{*})$
, .
, $R>0$ .
$\deg(J’, 0,BR(\mathrm{o}, 0))=\deg_{\mathrm{l}}\mathrm{o}\mathrm{C}(J’, (\mathrm{o}, 0))+\mathrm{d}\mathrm{e}\mathrm{g}1_{\circ}\mathbb{C}(J’, (a, \mathrm{o}))+\mathrm{d}\mathrm{e}\mathrm{g}\mathrm{l}\mathrm{o}\mathrm{c}(J’, (0, b))$
$+\deg_{1_{0}\mathrm{c}}(j’, (u_{0},v_{0}))+\deg_{1_{0}}\mathrm{c}(J’, (u_{*},v_{*}))$ . (2.1)
$B_{R}(\mathrm{o}, \mathrm{o})=\{(u, v)\in E;||(u, V)||H1(\Omega)\cross H^{1}(\Omega)<R\}$ .
degree
3.2.
$.’.\backslash \backslash .\cdot(i)\deg_{\mathrm{l}\mathrm{o}\mathrm{c}}(J’, (\mathrm{o}, 0))=0$ .
(ii) $\deg_{1_{0}\mathrm{C}}(J’, (a, \mathrm{o}))=\deg_{1_{0}\mathrm{c}}(J’, (\mathrm{o}, b))=1$ .
(iii) $\deg_{\mathrm{l}\mathrm{o}\mathrm{C}}(JJ, (u_{0}, v_{0}))=(-1)^{\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}}\mathrm{X}I\prime\prime(u0,v_{\mathrm{O}})$ .
(iv) $\deg_{1_{\mathrm{o}\mathrm{C}}}(J;, (u_{*},v_{*}))=-1$ . 1
33. $R\geq 1$
$\deg(J’, 0, BR(\mathrm{o}, 0))=1$ . 1
$\deg\iota_{0}\mathrm{c}(J’, (0,0))$ $\deg_{1_{0}\mathrm{c}}(J’, (u_{*}, v_{*}))$ .
$\deg_{\mathrm{l}\mathrm{o}\mathbb{C}}(J’, (0,0))$ ,
$-\triangle u-u+Au=Au_{+}$ , in $\Omega$ ,
$u=0$ , on $\partial\Omega$ .
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$u=0$ local degree $0$ . ( Dancer [D]
idea ) $\deg_{\mathrm{l}\mathrm{o}}$ $(J’, (u_{*}, v_{*}))=-1$ Hofer [H2, H3] .
(V4) $I”(uv_{*}*’)$ 1 simple .
(2.1), 11, 12 , 0.1 (ii) . 1
2. 0.2
0.2 Morse index index $I”(u, v)$ $(u’(x), v’(x))$
. Sturm-Liouville
[ $\mathrm{B}$ , Tl] . (V4) .
$\Omega=(0,1)$
$k_{1}u’’+V_{u}(u, v)=0$ , in $(0,1)$ , (3.1)
$k_{2}v’’+V_{\mathit{1}},(u, v)=0$ , in $(0,1)$ , (3.2)
$u’(0)=u’(1)=v’(\mathrm{O})=v’(1)=0$ , (3.3)
$u(x)>0,$ $v(x)>0$ , in $(0,1)$ , (3.4)
.
31. $(u, v)\in E$ $(3.1)-(3.4)$ . $x_{0}\in(0,1)$
$u’(X_{0})=v^{J}(x_{0})=^{\mathrm{o}}$
. index $I”(u,v)\geq 2$ . I
$(3.1)-(3.2)$ $(u’, v’)$ $I”(u, v)$
minimax .
index $I”(u_{*}, v_{*})\leq 1$ $(u_{*}(1-X), v*(1-X))$ $(u_{*}, v_{*})$
. $m=\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{X}I’’(u_{0,0}v)\geq 2$ $(3.1)-(3.4)$
2 . $m=\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{x}IJJ(u\mathit{0}, v_{0})\geq 3$ $2(m-1)$ $(0,1)$
$(0,1/j)(j=1, \cdots, m-1)$ . I
4.
$(\mathrm{V}0)-(\mathrm{V}4)$ $V(u, v)$ .
$V(u, v)= \frac{a}{2}u^{2}+\frac{c}{2}v^{2}-\frac{b}{4}u^{4}-\frac{d}{4}v^{4}-\frac{1}{2}u^{2}v^{2}$
$a,$ $b,$ $c,$ $d>0$ $bc<a< \frac{c}{d}$ .
$k_{1}\triangle u+(a-bu^{2}-v^{2})u=0$ , in $\Omega$ , (4.1)
$k_{-},\Delta v+(c-u^{2}-dv^{2})v=0$ , in $\Omega$ , (4.2)
$\frac{\partial u}{\partial n}=\frac{\partial v}{\partial n}=0$ , on $\partial\Omega$ , (4.3)
$u(x)>0$ , $v(x)>0$ , in $\Omega$ , (44)
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. 0.1, 0.2
41. $bc<a< \frac{c}{d}$ .
(i)
$\det$ ($\lambda_{2}+\frac{2}{1-bd}[_{\sqrt{(a-b\mathrm{c})(c-ad)}}b(c-ad)$ $\sqrt{(a-bC)(C-ad)}d(a-b_{C})])<0$ .
$(4.1)-(4.4)$
(ii) (i)
$\det$ ($\lambda_{j}+\frac{2}{1-bd}[_{\sqrt{(a-bc)(c-ad)}}b(c-ad)$ $\sqrt{(a-bC)(\mathrm{C}-ad)}d(a-b_{C})])\neq 0$




, $m\geq 2$ . $(4.1)-(4.4)$ $2(m-1)$
I.
42. –
$k_{1}\Delta u+(a_{1}-b_{1}u^{22}-c_{1}v)u=0$ , in $\Omega$ ,
$k_{2}\Delta v+(a_{2}-b2u^{2}-c_{2}v)2v=0$ , in $\Omega$ ,
$\frac{\partial u}{\partial n}=\frac{\partial v}{\partial n}=0$ , on $\partial\Omega$ ,
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